Identification and estimation of state variables on reduced model using balanced truncation method 
Introduction
Generally, a system in nature has a great order. This is because the system has many state variables. If the number of state variables in a system is increased, the system is closer to the real phenomenon. However, it caused difficulties in analyzing the system. Thus the computational time is increased significantly. Therefore, we need a method to simplify the order of such systems. In this case, we reduce the order of the original system. One way is using model order reduction [1] . There are many methods in model order reduction, such as balanced truncation method, Hankel norm approximation and singular perturbation approximation [1] . Among those methods, balanced truncation method is the frequently used method because of the simplicity of the method [2, 3] .
Estimation is a method to compute the state variables of a discrete-time stochactic system based on measurement data [4] . Kalman filter is an optimal estimation method for linear systems. For nonlinear systems, there are many methods that can be applied such as extended Kalman filter, ensemble Kalman filter, fuzzy Kalman filter. We have studied the application of extended Kalman filter and fuzzy Kalman filter on Nonisothermal Continuous Stirred Tank Reactor systems in [5] .
We have investigated the application of Kalman filter to the original system and its reduced system in [6, 7] . Then in [8] , the authors have developed Kalman filter algorithm on reduced system. However there are some difficulties in comparing the accuracy of estimation between the original system and reduced system because the order is different. 
Preliminaries
In this section, we describe some definitions that will be used in this paper.
Discrete-Time Linear-Time-Invariant Systems
A discrete-time linear-time-invariant system (A, B, C, D) is defined as [4] 
where
There are many properties that a system may have. Stability, controllability and observability are some important properties of a system. As it will be clear later, we focus on the previous three properties. 
The controllability and observability gramians are respectively a unique positive definite solution of the following Lyapunov equation: 
From the original system (A, B, C, D), we construct a new system (Ã,B,C,D). The new system can be constructed if and only if realization of the system is asymptotically stable, have controllability gramianW and observability gramianM is equal and it is a diagonal matrix.
Let us describe a procedure to determine transformation matrix T . First, we check whether realization (A, B, C, D) is asymptotically stable, controllable and observable. Second, compute the controllability gramian W and observability gramian M by using Definition 4. Third, we use Cholesky factorization on W to determine φ such that W = φφ T . Next, we use singular value decomposition on φ T M φ to compute U and Σ such that
By applying the transformation matrix to the original realization, x k = Tx k we obtain an ordered balanced realization (Ã,B,C,D) = (T −1 AT, T −1 B, CT, D).
Identification of Variables
Let a transformation matrix T be given such that it meets the following equation:
In this work, we focus on the identification of variables in the balanced system and the original system.
Balanced Truncation Methods
Model reduction by using balanced truncation simply applies the truncation operation to a balanced realization. Let (Ã,B,C,D) be a balanced realization, where the gramian is denoted by Σ. Remember that the controllability gramian is equal to the observability gramian and the gramian is a diagonal matrix. First we partition the gramian as follows
By using the preceding partition, the corresponding partition of balanced system (Ã,B,C, D) is given by
The reduced model is defined as the subsystem corresponding to Σ 1 . Thus the reduced model can be written as (Ã r ,B r ,C r ,D r ) whereÃ r =Ã 11 ,B r =B 1 ,C r =C 1 andD r = D.
Next, we present a proposition saying that the truncation of a balanced realization is again a balanced realization. Furthermore, the proposition also states that the properties of the original realization are the same with the truncated one. If σ r > σ r+1 then reduced system of order r will be stable, controllable, observable, balanced and satisfies G s − G sr ∞ ≤ 2(σ r+1 + · · · + σ n ) with G s and G sr is a transfer function of (Ã,B,C,D) and the reduced system (Ã r ,B r ,C r ,D r ), respectively.
Kalman Filter on Discrete-Time Linear-Time-Invariant System
In this section, we describe the process of Kalman filter algorithm over the original system and reduced system. Firstly, we analyze an estimation process of state variables in discrete-time linear-time-invariant system (1) . Here, we analyze the estimation process and construct the best estimator for discrete-time linear-time-invariant system (1) based on the Kalman filter algorithm [4] . Furthermore, we apply the Kalman filter procedure to original model and reduced model. In Kalman filter, the model is described as a stochastic discrete-time linear-time-invariant system, as follows
where x k ∈ R n is a state vector at time k, u k ∈ R m is an input vector at time k, z k ∈ R p is a measurement vector or output vector at time k, w k is a system noise and v k is a measurement noise. Variables w k and v k are normally distributed random variables, i.e. w k ∼ N (0, Q) and v k ∼ N (0, R). Matrices A, B, C and D are appropriately dimensioned real constant matrices. Estimation of state variables in the system (5) can be done by using Kalman filter. First, we estimate the state variables based on a dynamic system (prediction step) and then we improve the estimation results by using the measurement data (correction step). The Kalman filter algorithm for stochastic discrete-time system is as follows [4] :
• Define the estimation of initial statex 0 • Define the covariance of initial state's estimation P 0 • Define the variance of system noise Q • Define the variance of measurement noise R (ii) Prediction step (a) Error Covariance:
) Initially, we define the estimation of initial state and its covariance. In this step, we also define the variance of system and measurement noises. After that, in each time step, we execute the prediction and correction steps. Notice that in the prediction step, we do not need any measurement data, whereas in the measurement step, we need a measurement data at that time step.
Main Results
In this section, we discuss the steps in the identification of state variables on the reduced model. Firstly, we construct a discrete-time linear-time-invariant system (A, B, C, D) . Then, we examine the properties of the system, such as stability, controllability and observability. If the system is asymptotically stable, controllable and observable, we continue to the next step. If the system is not asymptotically stable or the system is not controllable or the system is not observable then we have to construct another system until the three properties are satisfied. Then, we construct the balanced system. The balanced system is a transformation of the original system using a transformation matrix. On balanced system, we identify the relationship between state variables of the original and balanced systems. After all state variables in balanced system have been identified, we remove state variables of the balanced system that have small influences on the system using balanced truncation method.
The last step is estimation of reduced and original systems by using Kalman filter algorithm. Finally, we compare the estimation result of the reduced and original system. More precisely, first we identify the states corresponding to the estimation results of reduced system, then we compare the identification results against the estimation results over the original system. In this study, we use a reduced system of order 6.
Construction of The Original System
Given the following discrete-time linear-time-invariant system: 
This system (6) is asymptotically stable, controllable and observable. Since the system in (6) satisfies the three properties, we can use the system in the numerical example. 
The transformation matrix used to obtain the balanced system (7) is as follows 
Identification of State Variables in the Balanced System
In the following equation, we describe the relationship between state variables of the original system and the balanced system: 
Identification of State Variables in the Reduced System
In this section, we describe the relationship between state variables of the original system and the reduced system. This relationship is derived from the identification of state variables in the balanced system. More precisely, we remove the columns of transformation matrix T that corresponds to the removed state variables. The relationship between state variables of the original system and the reduced system is described in the following equation: 
Simulation
In this simulation, we compare state variables on the original system and identified state estimation on reduced systems. The estimation of state variables on the reduced system is done by using Kalman filter algorithm. The procedure for estimation of identified state variables on the reduced system is as follows. First, we apply balanced truncation method to the original system. In this step, we obtain a reduced system. Then we apply Kalman filter algorithm on the reduced system. In this step, we obtain estimation of state variables on the reduced system. Finally, we use the identification result. In this step, we obtain the identified state estimation on the reduced system that has the same dimension with the original system. This allows us to compare the identified state estimation on the reduced system and the state on the original system. In this case, we determine the estimation error on the identified state variables. The estimation error is defined as the difference between the estimation results of identified state variables on the reduced system and real states on the original system. The comparison results are shown in Table 1 and the graphics are shown in Figure 1 . From Table 1 , the estimation error on the identified state estimation is quite close to the real values. Furthermore we want to compare the estimation result in Table 1 and the estimation error of the original system. In Table 2 , we display the estimation error of the original system. The estimation error is defined as the difference between the estimation results of state variables on the original system and real states on the original system. According to Tables 1 and 2 the estimation error of both cases is pretty close. Thus we conclude that the performance of estimation on the identified state variables is acceptable. In Table 3 , we discuss the computational times of both cases. In the first case, we measure the computational time for estimation of state variables on the original system. In the second case, we measure the computational time for estimation of identified state variables. According to Table 3 , the computational time for estimation in the reduced system is faster than in the original system. This is because the number of state variables in the reduced system is smaller than the number of state variables in the original system. 
Conclusions
In this work, we have designed a procedure for identification and estimation of state variables on reduced models of discrete-time linear-time-invariant systems. From the identification process, we obtain the corresponding state variables in the original model from state variables in the reduced model via a linear transformation. Thus we can compare the state variables in the identified reduced model and original model. The estimation error in the original system is quite close to the error in the identified reduced system. However, the computational time for estimation in the reduced system is faster than the computational time for estimation in the original model.
